NON- VANISHING MODULO p OF CENTRAL CRITICAL RANKIN SELBERG 
L- VALUES WITH ANTICYCLOTOMIC TWISTS 



MILJAN BRAKOCEVIC 

Abstract. We prove non- vanishing modulo p, for a prime I ^ p, of central critical Rankin-Sclbcrg L- values 
with anticyclotomic twists of £-power conductor. The L-function is Rankin product of a cusp form and a 
theta series of arithmetic Hecke character of an imaginary quadratic field. The paper is concerned with 
the case when the weight of Hecke character is greater than that of cusp form, so the L-value is essentially 
different in nature from the one in the landmark work of Vatsal and Cornut-Vatsal on the same theme. 



1. Introduction 

Studying non-vanishing of the central critical values of modular L-functions has had powerful and far- 
reaching applications to important problems of Iwasawa theory including various proofs of Main Conjectures. 
Generalizing the method of Sinnott ([Si]) to the context of the theory of Shimura varieties, Hida studied 
non- vanishing of Hecke L-functions of CM fields in |Hi04j and [Hl0 7 and computed the /^-invariant of Katz p- 
adic L-function in HilOa . In his dissertation [Sun] . written under Hida's supervision in 2007, Hae-Sang Sun 
used this method to prove non- vanishing modulo (a rational prime) p of L- values of the modular L-function 
associated to a level 1 Hecke newform / twisted by a product X\ of a fixed arithmetic Hecke character A 
of an imaginary quadratic field and finite order anticyclotomic x's of ^-power conductor, for a prime I =/= p. 
Here a fixed A is of oo-type (k, 0), where k is a weight of /. 

Following the path paved by |Hi04] and [Sunj , the purpose of this paper is to extend such non- vanishing 
result to the case of a Hecke newform of an arbitrary level N > 1 and nebentypus ip, and arithmetic Hecke 
characters A of oo-type (k + to, —to) for arbitrary to > 0. The moral of the latter is that, if we fix a Hecke 
character Ao of oo-type (k, 0) satisfying certain criticality condition stated below, the anticyclotomic twists in 
our case are actually of the form xoX where xo is a fixed anticyclotomic Hecke character of oo-type (m, — m) 
and x's range through the family of finite order anticyclotomic characters of £-power conductor - in other 
words, our A := AoXo- 

The main ingredients in the proof are Zarisky density of CM points on modular Shimura varieties studied 
in |Hi04] and [HilOaj . and the recent computation of an explicit Waldspurger formula in [HilOb . Our modest 
aim is to understand the passage between these deep works of quite different mathematical flavor. In upcom- 
ing companion paper [BrlObj we compute the /^-invariant of anticyclotomic p-adic L-function constructed in 
[BrlOaj . 

To state the main theorem precisely, let M be an imaginary quadratic field of discriminant d(M), and set 
d := \d(M)\. Fix two rational primes p ^ I such that p splits in M. Let / be a normalized Hecke newform 
of level Fq(N), N > 1, weight k > 1, and nebentypus i/j an d let f be its corresponding adelic form on 
G(Q)\G(A) with central character if) (see Sect ion [27X1 for definiton). All reasonable adelic lifts of / are equal 
up to twists by a power of the everywhere unramified character |det(g)|A and f u (g) := f \ip(det(g))\^ 1 / 2 is a 
unique one which generates a unitary automorphic representation 7Tf . We further take the base-change 7Tf 
to KesM/qG. Pick an arithmetic Hecke character A of M X \M^ of oo-type (k + to, —to) for arbitrary m > 
and such that condition A| A x = xp^ 1 holds. Under this condition, the L-value L(l/2, 7Tf <g) A~), regarded as 
that of the Rankin-Selberg L-function associated to f and the theta series #(A~) of A~, is critical in the 
sense of Deligne, and central with respect to the functional equation. 
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The choice of A is subtle and a detailed recipe is provided in Section [5] Let N = Yli l v "' be the prime 
factorization and denote by N ns = Ili non-split' ^ a "non-split" part. We choose Ao and xo as above 
requiring that xo has sufficiently deep conductor c ns := Y[i\n l v ^ l \ f° r fixed D(l) > at the non-split 
prime divisors of N. The role of the latter is optimal and two-fold. On one hand side, Hida's explicit 
Waldspurger formula requires depth of conductor of A at such primes, for otherwise the period integral 
vanishes. On the other side, sufficient ramification at these primes in the sense of Proposition 3.8 of [JaLa] 
and Theorem 20.6 of [Jaj contributes to +1 sign in the functional equation for the central critical L-value. 
Write A~ := (Ao c)/|A| for the unitary projection. We fix two embeddings too : Q C and t p : Q <^-» C p . Let 
W denote the ring of Witt vectors with coefficients in an algebraic closure ¥ p of the finite field of p elements 
F p , regarded as a p-adically closed discrete valuation ring inside p-adic completion C p of Q p , and let *p be 
the prime of W over p. Set W = i p 1 {W) which is a strict henselization of Z( p ) = Q n Z p . Let e C x be 
the Neron period of a CM elliptic curve over W. We normalize the L-value as 

awl A _ r(fc + m)r(m + l) _ . . _,, .i^d.TTf^A-) 



L-«(-,^(8A-) :=G ' ' ' V, >- E{l/2)E>{m) 



^("ro" )• ^ n k+2m+l 2(fe+2m) ' 

where we write L^ Ned \s,TVf ® A - ) for the imprimitive L-function obtained by removing Euler factors at 
primes dividing Nid from the primitive one, £7(1/2) and E'(m) are modification Euler factors given by (|5.7[) 
and (|5.8p . respectively, and G is essentially product of Gauss sums given by (|5.6[) . Let 5 (AT, £) be a finite set 
of prime divisors of elements in 

{N, £ - 1} U {I - 1 : prime I \ N is ramified in M} U {I - 1, Z + 1 : prime I \ N is inert in M} . 

Then our result states: 

Theorem 1.1. Let p =/= £ be two fixed rational primes such that p splits in M . Let f be a normalized Heche 
newform of level Tq(N), N > 1, weight k > 1, and nebentypus if). Suppose I \ N and that p > 2 is outside 
the above finite set of primes S(N,£). Fix a Heche character A as above, that is, of oo -type (k + m, —to) for 
arbitrary to > 0, whose conductor is supported at primes dividing N£ and is equal to a fixed preassigned c ns 
as above at ones that are non-split. Then 

L al s(i,7r f ®(A X )-)^0(mod<P) 

for all but finitely many anticyclotomic characters x of l-power conductor. 

The above finite set of primes p is excluded from consists of the primes which divide the fudge factors in 
Hida's computation of an explicit Waldspurger type of formula we use. The proof is actually valid under 
condition milder than I \ N (see Assumption 1 7 . 2 [) . We also prove validity of the Theorem 11.11 when £\\ N and 
the local component itfj is a special representation (see Proposition 17.31) . but we hope to treat the general 
case when £ \ N in a future paper. 

The L-value in the Theorem 1 1.1 1 is actually 7Tf <8> (\x\ 1 \m )~ )> however the norm character has trivial 
unitary projection. The weight k + 2m + 1 of theta series 0(\x\ • |m a ) associated to Hecke character A%| • \^ A 
being strictly greater than the weight k of the cusp form /, incites essentially different arithmetic nature 
from the L-value studied in the landmark work of Vatsal started in deep and beautiful papers |Va02j and 
Va03], and continued in joint work with Cornut [CoVaj . where the comparison of the weights is opposite. 
Thus, the period for the L-value there depends on / only, namely, it is Hida's canonical period from [Hi88 , 
as opposed to a power of a CM period attached to M. The canonical Selmer group and the Main Conjecture 
associated to our L-values are distinct. Needless to say, as a direct application of Hida's method from Hi04 , 
our proof fits in Vatsal's philosophy about ergodic rigidity principle underlying non-vanishing of L-values, 
as explained in his ICM 2006 report |Va06j . 
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particular, using the Cebotarev density theorem and the Galois representation in the proof of the main 
theorem I learned from there. 
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2. Modular forms 

2.1. Classical modular forms and adelic ones. Let G be algebraic group GL(2)/q. We denote by 
Sk(To(N), ip) the space of holomorphic cusp forms / of level Lo(A) and nebentypus ip with /(7(z)) = 
^{l)f\z)j{l,z) for 7 G T (N), where j(( a c \), z) = cz + d for z G ft = {z\lm(z) > 0} and ( a c b d ) G G(R). 
Here a Dirichlet character ip is regarded as a character of r (A) via *-> tp(d). By virtue of strong 
approximation theorem G(A) = G(Q)L (A)GL:j~(R) (GL^(M) = {g G G(R)|det( ff ) > 0}) allowing us to 
lift / to f : G(Q)\G(A) -> C by i{au 9oo ) = /(ffoo(i))^(«)j'(floo, for a G G(Q), u G f (A) and 
5oo G GL^(R). Note that f(agu) = ip(u)i(g) for a G G(Q) and u G Lo(A), and that f is so-called arithmetic 
lift of / - more widely used automorphic lift involves the determinant factor which we omitted. Denoting 
by Sk(T (N),tp) the space of adelic cusp forms f obtained from / € Sk(T (N),vp) in this way, we have 
Sk(To(N),ip) =S k (? (N),i}) via /of. Note that the center Z(A) acts on S k (T (N), ip) via f \((g) = f {(g) 
and that f|Coo = Ci fe f f° r C £ ^(A). Thus 5fe(r (A r ), V 1 ) decomposes into the direct sum of eigenspaces for 
this action and on each eigenspace Z(A) acts by a Hecke character whose restriction to ro(^V) n Z(A) is ip 
and which sends ^ to If we lift ip to A x in standard way and set ip := tp\ ■ |^ fc , let Sk{N,ip) denote 
the V-eigenspace. Then Sk(T Q (N),ip) = S k (N,ip) via / of. 

2.2. Algebro-geometric modular forms. Let A be a positive integer, B a fixed base Z[-jM-algebra and 
S a i?-scheme. An elliptic curve E over S is a proper smooth morphism n : E — > S whose geometric fibers 
are connected curves of genus 1, together with a section : S — >• E. By level Li(A)-structure, we refer 
to an embedding of finite flat group schemes in '■ c — ► E[N], where E[N] is a scheme-theoretic kernel of 
multiplication by N map - it is a finite flat abelian group scheme over S of rank A 2 . 

The modular curve 5D?(Li(A)) of level Ti(N) classifies pairs (S, ijv)/s, for a i?-scheme 5. In other words, 
!Jt(Li(A)) is a coarse moduli scheme of the following functor from the category of B-schemes to the category 
SETS 

P(S) = [(E,i N )/s]/~ 

where [ ]/ s denotes the set of isomorphism classes of the objects inside the brackets. When A > 3 it is a 
fine moduli scheme of this functor. 

Let lo denote a basis of ^(f^/s), that is a nowhere vanishing section of Q^/s- Fix a positive integer 
k and a continuous character ip : (Z/AZ) X — > B x . A £?-integral holomorphic modular form of weight fe, 
level To(A) and nebentypus ip is a function of isomorphism classes of (E, ijv,a;)/^, defined over B-algebra 
A, satisfying the following conditions: 
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(GO) f((E,i N ,uj)/ A ) 6 A if {E,i N ,uj) is defined over A 

(Gl) If q : A — > A' is a morphism of -B-algebras then f{{E,iN,uj)/ A ®b A') — g(f((E,iN,u)) /a)); 
(G2) /((£, i N , au)) /A )) = a- k f((E,i N ,Lj) /A ) for a e A x = G m (A); 

(G3) /((£J,ijv ° fojw)/^)) = for & € (Z/iVZ)* , where 6 acts on i/v by the canonical 

action of Z/iVZ on the finite flat group scheme /ijv; 

(G4) For the Tate curve Tate(q N ) over i? (g)z viewed as algebraization of the formal quotient 

G m /q NZ , its canonical differential w^" e deduced from ^ on G m , and all r 1 (A^)-level structures 
irate, n coming from canonical images of points C, l N q J from G m (0 < i,j < N — 1), we have 

f{{Tate{q N ),i T ate,N,^ te )) & B ® z Z[[q]] . 

The space of B-integral holomorphic modular forms of weight k, level Tq(N) and nebentypus tp is a B-module 
of finite type and we denote it by Gk(N, ip; B). 

As it is well known, over C, the category of test objects (E,i^,Lu) is equivalent to the category of the 
pairs (L,i), where L is a Z-lattice in C, and i : Z/NZ =-> j?L/L. The differential a; can be recovered by 
pulling back du to E(C) — C/L, for standard variable u on C. Conversely, 



l e = |y weC| 7 effi(£;(C),z)J 



is a lattice in C. Then an algebro-geometric modular form / integral over C gives rise to a classical modular 
form, whence also to adelic one, via 

/0) : = / (L z ,i,2ir\Au) , 

where L z = Z + Zz and i : 1 i— > 1/N. 

2.3. p-adic modular forms. Fix a prime number p that does not divide N. Let B be a p-adic algebra, 
that is, an algebra complete and separated in its p-adic topology. For an elliptic curve E/g we consider a 
Barsotti-Tate group E[p°°] = \\m n E[p n ] for finite flat group schemes E[p n ] equipped with closed immersions 
E[p n ] °-t> E[p m ] for m > n and the multiplication [p rn ~ n ] : E[p m ] — > E[p n ] which is an epimorphism in the 
category of finite flat group schemes. We consider a morphism of ind-group schemes i p : p p oo <—} E[p°°] 
which induces isomorphism of formal groups i p : G m = E called trivialization of E. Here E is the formal 
completion of E along its zero-section. 

A holomorphic p-adic modular form over B is a function of isomorphism classes of (E, ijy, i p ) / A , defined 
over p-adic S-algebra A, satisfying the following conditions: 

(P0) /((£/, i 7v j ip) /a) € A if (E,ijsr,i p ) is defined over A; 

(PI) If q : A — > A' is a p-adically continuous morphism of B-algebras then f{{E,i N ,i p )/ A <2>b A') = 
Q(f((E > i N ,ip)/A))> 

(P2) For the Tate curve Tate(q N ) over B((q)), which is a p-adic completion of B((q)), the canonical p°°- 
structure i™ Q " e and canonical F (A r )-level structure i^ate n> we nave f((Tate(q N ), i^te N^rTte p)) e 
£>[[<?]]. (This in fact implies that we have f '((Tate(q N ), irate, n ,irate, P )) € B[[q]] for all level struc- 
tures irate,N and ir a te, P ■) 
We denote the space of p-adic holomorphic modular forms over B by V(N; B). 

The fundamental g-expansion principle holds for both algebro-geometric and p-adic modular forms ( |DeRa] 
Theorem VII.3.9 and |Ka76j Section 5): 

Theorem (g-expansion principle) . 1. The q-expansion maps Gk{N ',ip; B) — > B[[q]] and V(N;B) — > 
B[[q\] are injective for any (p-adic) algebra B. 
2. Let B C B' be (p-adic) algebras. The following commutative diagrams 

G k (N,^;B) ► B[[q]] V(N;B) ► B[[q}} 



Gk(N, ip;B') > B'[[q}} V(N-B') ► B'[[q}} 

are Cartesian, that is, the image of Gk{N,ip;B) in Gk(N,ip; B') (V{N;B) in V(N; B')) is precisely the set 
of (p-adic) modular forms whose q-expansions have coefficients in B. 
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Using trivialization i p we can push forward the canonical differential ^ on G m to obtain an invariant 
differential oj p := ip,*(4r) on E which then extends to an invariant differential on E. Thus for / £ Gk(N, tp; B) 
we can define 

f((E,i N ,i p )) := f((E,i N ,u p )) 

and we may regard an algebro-geometric holomorphic modular form as a p-adic one. By virtue of q-expansion 
principle, Gk(N, ip; B) °-> V(N; B) is an injection preserving g-expansions. 

3. Rankin-Selberg L-functions and their special values 

Let / be a normalized Hecke eigen-cusp form of level To(N), N > 1, weight k > 1, and nebentypus ip and 
let f be its corresponding adelic form on G(Q)\G(A) with central character ip. The unitarization f u (g) :— 
f | -0(det(<7) ) | — 1 / 2 of f generates a unitary automorphic representation TTf. Let M be an imaginary quadratic 
field of discriminant d(M). Let x be an arithmetic Hecke character of M X \M^ and set x~ '■— (x c )/lxl 
for its unitary projection. We denote by L(s,iTf (g 7T X -) Rankin-Selberg L-function associated to TTf and 
automorphic unitary representation tt x - of G attached to \~ by theta series (see [JaLaj and [Ja] Section 19 
for definitions) . It is initially defined as a product of Euler factors over all places of Q and has a meromorphic 
continuation to C satisfying functional equation 

L(s, TTf (g 7T X - ) = e(s, TTf (g 7T x - — S, 7Tf (g 7T( x -)-l) 

where TTf denotes contragredient of 7Tf and e(s,7Tf 7r x -) is certain e-factor. Under key condition 

we know that L(s, TTf (g 7T X -) is entire and equal to L(l — s, TTf <g 7r( x -)-i), whence the functional equation 
becomes 

L(s, TTf (g) 7T X - ) = e(s, 7Tf igl TT % - )L(1 — S, TTf (g) 7T X - ) . 

Thus the parity of order of vanishing of L(s, TTf (g 7r x - ) at central critical point s = 1/2 is determined by the 
value of sign 

e(7r f <g tt x - ) := e(l/2, vr f (g tt x - ) e {±1} . 

The order of vanishing is expected to be minimal for most characters x~ ^ m other words, either L(l/2, TTf (g 
7r x -) or i'(l/2, 7Tf (g 7r x -) should be nonzero, depending whether the sign is +1 or —1, respectively. 

The global sign e(7Tf (g tt x ) is a product over all places v of Q of local signs e(wf yV (g 7r x - !t) ), which are 
attached to local components of TTf and tt x - , normalized as in |Gr| . If r\ is quadratic Hecke character of Q 
attached to M and we set 

S(x) ■= {v\e(nt,v ® i^ x -,v) ^ Vvipvi- 1 )} 
then the product formula r]ip(—l) = 1 = J^t, Vvtfvi - 1) implies 

e(7T f ®^ x -) = (-l) #s ^. 

In this paper we always work with Hecke characters x of conductor not only supported at _/V€ but rather 
sufficiently deep there. Combined with the fact that the infinity type of x is + 2m, 0) so that Xoo(a) — 
a l ^ 2m , this leaves the set S(x) empty. Indeed, the local e- factors at places v outside N£d(M) are equal to 
1, as both TTf and 7r x -,„ are unramified principal series, and consequently these places do not belong to 
S(x)- ^ places v\N£, following Section 1.1 of [Co Vaj . we use a combination of Proposition 3.8 of [JaLaj 
and Theorem 20.6 of [Ja], so that once we impose that x IS sufficiently ramified at these u, none of them 
belongs to S(x)- The only finite places that remain are such that v\d(M) but v \ N . Note that here TTf v 
is unramified principal series and xp v is unramified, so in this situation we may use local calculation (3.1.1) 
and (3.1.2) in |Zh[ to conclude that these places do not belong to S(x)- Finally, as infinite order character 
X has infinity type (k + 2m, 0) we have e(7Tf i00 (g tt x - iOQ ) = (— l) k essentially by Tate's thesis ( [Taj ) and the 
archimedean place does not belong to S(x)- In conclusion, the global e-factor is 1. 

We may take the base-change lift TTf of TTf to Resj\//QG and consider Rankin-Selberg L-function L(s, TTf (g 
X~) due to the automorphic induction identity L(s, TTf (g x~) = L(s, TTf (g tt x - ). 

The rationality of central critical L-values L(l/2,7Tf (g x~)i after being divided by suitable periods, is 
proved by Shimura in Sh76], and is consistent with the conjectures of Deligne. The nature of the period 
depends on the oo-type of x, or more precisely, its comparison to the weight k of /. In case x 1S of oo-type 
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(k, 0) and k < k — 2, the period depends on / but is independent of x, and can be expressed in terms of 
the Shimura periods u±(f). On the other hand, if K > k, the period is independent of / and depends on M 
only - it is a power of CM period attached to M. 

4. Shimura curves 

4.1. Elliptic curves with complex multiplication. It is well known that a Z- lattice in M is actually 
a proper ideal of a Z-order R(a) = {a £ R\aa C a} of M. On the other hand, every Z-order O of M is 
of the form O = Z + cR for a rational integer c called the conductor and the following are equivalent (see 
Proposition 4.11 and (5.4.2) in jlAT) and Theorem 11.3 of [CRT] ) 

(1) o is O-projective fractional ideal 

(2) o is locally principal, i.e. the localization at each prime is principal 

(3) a is a proper O-ideal, i.e. O = R(a). 

Thus, one can define class group Cl^ f (O) := Pic(O) to be the group of O-projective fractional ideals modulo 
globally principal ideals. It is a finite group called the ring class group of conductor c, if c denotes the 
conductor of O. 

In this paper, we are concerned with orders R c t^ := Z + c£ n R and their ring class groups Cl~ := Pic(i? c fn) 
when n > 0, where c is a fixed choice of integer prime to I that will always be clear from the context. By 
class field theory, Cl~ is the Galois group G&\{H C ^ /M) of the ring class field H c ^ of conductor ci n . We 
define anticyclotomic class group modulo c£°°, Cl^ := hm ra Cl~ for the projection TT m+n , n ■ Cl~ +Ji — > Cl~ 

taking a to aR c i^ . Then the group Cl^ is isomorphic to the Galois group of the maximal ring class field 
Hdaa = (J Hcgn of conductor c£°° of M. If a Z-lattice o C M has p-adic completion o p = o ®z Z p identical 
to R <£)% Z p , we consider a complex torus X(o)(C) = C/o. By the main theorem of complex multiplication 
f |ACM] 18.6), this complex torus is algebraizable to an elliptic curve having complex multiplication by M 
and defined over a number field. Then applying Serre-Tate's criterion of good reduction ( SeTaj) we can 
conclude that X(a) is actually defined over the field of fractions JC of W and extends to an elliptic curve 
over W still denoted by X(a)/w- All endomorphisms of X(a)/w are defined over W and its special fiber 
X(a) = X(a) /w <8> F P is ordinary by assumption that p = pp splits in M. 

Let T(X(aj) — ]^m jyX(a)\N] (Q) be its Tate module. Choice of a Z-basis (u>i,u>2) of a = a ®z Z gives 
rise to a level iV-structure r] N (a) : {Z/NZ) 2 = X(a)[N] given by r) N (a)(x,y) = =i±£Ha e X(a)[N}. After 
taking their inverse limit and tensoring with A^°°' we get level structure 

V (a) = \jm Nm (a) : (A^)) 2 S T(X(a)) ® % hS^ =: V(X(a)) . 

We can remove p-part of 77(a) and define level structure rj^ (a) that conveys information about all prime-to-p 
torsion in X(a): 

r/ p) (a) : (A (poo) ) 2 S T(X(a)) ® 2 A (poo) =: V {p) {X(a)) . 

Prime-to-p torsion in X(a) /w i s unramified at p and X(a)[N] for p \ N is etale whence constant over W, so 
the level structure r/ p) (a) is still defined over W f |ACM] 21.1 and jSeTaj V 

Since X(a)/w has ordinary reduction over W, we get ordinary part of level structure at p, r?° rd (o) : 
/ip=c AT(a)[p°°], identifying p p =o with connected component X(a)[p°°]° = X(a)[p°°]. The Cartier duality 
then yields etale part of level structure at p, ?7 p *(a) : Q p /Z p = X(a)[p°°] et = Ar(a)[p°°] over W. In this way 
we constructed a triple 

(X(a),^(a),^(a)x,y- d (a)) /vv 

to which we refer as a test object. 

4.2. Definitions and basic facts. The pairs (X, ry^)/s for a Z( p )-scheme S, consisting of elliptic curve X 
over S and a Z-linear isomorphism ?/ p ) : (A( po °') 2 = T^(X) ®^ A^ 00 ) =: V(X), are classified up to isogenies 
of degree prime to p by a p- integral model Sh^ ^ f |Ko| ) of the Shimura curve Sh/^ associated to algebraic 
group G = GL(2)/q. Sh was initially constructed by Shimura in |Sh66j but nicely reinterpreted by Deligne 
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in |De71j 4.16-4.22 as a moduli of abelian schemes up to isogenies. By its construction, Sfv- P > is smooth 
Z( p )-scheme representing moduli functor J 7 ^) from the category of Z( p )-schemes to SETS: 

F (P) (S) = {(X, V M) /S } /K1 

and two pairs (X, 77W ) /g and (X', rj'^ ) /g are isomorphic up to prime-to-p isogeny, which we write {X, rftP' )/s ~ 
(X', ri'( p >) /g, if there exists an isogeny <fi : X / S — > of degree prime to p such that o 77 = 77'. 

The pair x(a) = (X(a), rj^ (a)) ^ w for a Z-lattice a with a®z Z p = R®z Z p , constructed as above, gives 

rise to a W-point on Sh ^ to which we refer as CM point. 

Each adele g € G(A^) acts on a level structure 77 by 77 1— > 77 o inducing G(A'°°')-action on S7i. A 

sheaf theoretic coset 77 = r\K for an open compact subgroup K C G(A(°°') maximal at p (i.e. K p = G(Z p )) 
is called a level if -structure. The quotient SHk = Sh/K represents the following quotient functor 

7 K {S) = {(E ) fj)/s}/» 

and Sh = ^rnxShx when K runs over open compact subgroups of G(A( po °'). Let V k /q denote geometrically 

irreducible component of Sh^ ®q Q containing geometric point x(a) — x(a) ®q Q. The field of definition 

(p) 

of Vk in the sense of Weil is contained in /C, and we can think of schematic closure Vk/w i n ^^k/w that 
is smooth over W if if (p) is sufficiently small. The special fiber V K ®w F p remains irreducible (see |Hi04] 
Section 2.2 for details). We define 

:= ^m K V K/w 

where K ranges over all open compact subgroups of G(A'°°- ) ) maximal at p. In conclusion, the scheme 

is smooth over W, and its generic and special fibers are geometrically irreducible. In this sense, we refer to 

vjfy as geometrically connected component of Sh&> containing the W-point x(a). 

When K is chosen suitably ( PAF Section 4.2.1), Vk is isomorphic to a, fine or coarse, moduli scheme 
9Jt(r(iV))/g ( . [p N ] of level T(N) (the principal congruence subgroup) representing functor from the category 
of Z( p )-schemes to the category SETS 

Tr(.N)(S) = [(E, (f)N : (Z/JVZ) = E[N]) /S ] /S! 

and consequently 

V$ = ^ N M(T(N)) /W . 

Clearly, 

Tl(r(N)) /m/Ntm] = □ Tt(T(N),0 

where £Dt(r(JV), £) is a modular curve of level T(N) representing functor from the category of Z[l/JV]-schemes 
to the category SETS 

Vr(N)x(S) = l(E,(f>N : (Z/JVZ) = E[N]) /S \(</> N (1, 0), <j> N (0, 1)) = fl/s 

and (•, •) denotes the Weil pairing. 

The complex points of the Shimura curve Sh have the following expression: 

Sh(C) = G(Q)\(x x G(A(°°))) I Z(Q) 

where Z stands for center of G and the action is given by 7(2, g)u — (j(z),jgu) for 7 g G(<Q>) and tx e Z(Q) 
( |De79j Proposition 2.1.10 and [Ml] page 324 and Lemma 10.1). 

To each point (X, 77) 6 S/i we can associate a lattice L = ?7 _1 (T(A)) C (A^ 00 )) 2 and the level structure 77 
is determined by the choice of the basis w = (101,102) of L over Z. In the view of basis w, the G(A(°°))-action 
on Sh given by (X,rj) i-> (X,rj o g) is a matrix multiplication w T h-> g~ 1 w J because (77 o 17) (7~(-^Q) = 
g~ 1 r}~ 1 (7~(X)) = g^ 1 L 1 where j stands for a transpose. We warn the reader about the following 

Remark 4.1. Insisting on modular point of view, the action of matrix g~ l records change of the basis vectors 
themselves, rather than coordinates with respect to the basis. Having this on mind and desiring to view 
modular forms in adelic, algebro-geometric and p-adic phrasing in coherent way, it becomes more convenient 
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for us to use identifications i?<g) Z Z p = Rp®R p and X(R)\p n ] = X(R)[p n ] ® X(R)[p n ] = Z/p n Z®fi pn , n>l, 
in constructing level structures for our CM points due to the definition of nebentypus. 

4.3. Hecke relation among CM points. Let c be a fixed positive integer prime to £, and n > 0. In this 
section we associate to each proper R c ^ -ideal a prime to p a CM point on Sh^ p ' and describe Hecke relation 
among these points. 

A choice of Z-basis (w 1 ,w 2 ) ofR = R® Z Z gives rise to a level structure r)W{R) : (A^°°)) 2 = V^{X(R)) 
defined over W as explained above. We fix such a basis so that its p-component (wi >p ,W2, p ) is given by 
(ep, e p ) where ep and e p are idempotents of Rp and Rp, respectively. At £, we can write R <8>z Zi = Ze[yfd] 
with d G Zt, choosing d G Z£ if i? ®z Z^ is unramified over Zi, and set (wi,^, W2,^) = (V«, 1). We also fix 
once and for all an invariant differential cj(R) on X(R)/ W so that H°(X(R), ilx(R) /vv ) = Ww(iJ). 

Let a be a proper i? c ^ -ideal whose p-adic completion a p = o ®% Z p is identical to R £g>z Z p . Regard- 
ing c£™ as an element of A x , (c£ n w\,W2) is a basis of R C £™ over Z yielding a level structure r/^ (R c fn) : 
(A( po °)) 2 = V^ p )(A(i? C £.*)). Choosing a complete set of representatives {a\, . . . ,a H -} C so that 

— \_\f = iM x ajR^ en M^ we have a = aa,jR c ^ for some a G M x and 1 < j < H~ and we can de- 
fine rj( p \a) = a _1 aj (R c e n ) so that we have commutative diagram 

r(p) (A ») rM(^(^)) 

oW 

Note that uj(R) induces a differential w(a) on A(a) first by pulling back from X(R) to A(i? n a) and 

then by pull-back inverse from X(R<~) a) to -^(a). 

Assume from now that n > 1 . Let C C X (R c ^ ) [£] be a rank £ subgroup scheme of a finite flat group scheme 
X(Rc£n)[£] that is etale locally isomorphic to Z/£Z after faithfully flat extension of scalars. We consider 
geometric quotient of X(R C ^) by such finite flat subgroup schemes C ( |AB V] Section 12). The quotient 
map 7r : X(R C ^) -» X{R c in)/C is etale over W so we transfer level structure n^ p \R c e n ) = it o ij^(R C £ n ), 
as well as an invariant differential (7r*) _1 w(i? c £r,) to X(R c e™)/C. 

Note that ideal = £Z + £ n R — £R c ^-i is a prime ideal of i? c f« but not a proper one - it is a proper ideal 
ofi? ^n-i, and we have X{R c ^)[£ n ] = R^n-i /Rd* , so X (R C £^) / X (R c e n )[£ n ] = X(R cl n-i). Assume now that 
C C X(Rc^n)[£] is different from X(R c £™)[£ n }. Note that there are precisely £ such group subschemes. If o is 
a lattice so that X{R C ^)/C = X(a) then a/R c ^ — C and a is a Z-lattice of M because C is Z-submodule. 
Since £C — we have £R c gna C o which means that a is i? c fn+i-ideal. Moreover a is not i? c ^-submodule so 
we conclude that o is a proper R c ^+i -ideal. Since C generates over R c in all ^-torsion points of X(Rcin), we 
have aR c ^ = £~ 1 R C ^, so proper ideal class of o in Cl~ +1 projects down to (identity) class of R c ^ in Cl~. 
In conclusion, this procedure gives rise to £ CM points x(o) on Sh for representatives o of precisely £ proper 
ideal classes in Cl~ +1 that project down to a given (identity) class in Cl~. 

It was computed in Section 3.1 of |Hi04| that, in the sense of Deligne's interpretation of Sh, corresponding 
G(A(°°))-action is given by x(a) = x{R c in) o (J |) when u ranges through Z/{.Z (see (3.1) in Section 3.1 of 
Hi04 ). Thus, for any fixed bo G Cl~ and do G Cl~ +1 , such that 7r n+ i )n (ao) = bo, we have 

{x{a)\a G Cl~ +1 and 7r n+ i, n (a) = b } = {x{a ) o (J j)\u G Z/£Z}. 

More generally, for any s > 1, and fixed bo G Cl~, ao G Cl~ +S such that 7r„ +s ,„(ao) = bo, we have 

(4.1) {a?(o)|o e Cl" +S and TT n+s , n (a) = b } = {x(a ) o ( J f ) |u e Z/i s Z} . 

4.4. Isogeny action on modular forms. Let N be a positive integer prime to p. Note that a point 
x = {E,r}^>) G Sh^\S), for a W-scheme S, projects down to x = (E,i N ) G 0Tt(ri(iV))(5) where i w = 
ry( p ) mod ri(AT) and the coset is taken as a sheaf theoretic one. Thus, if X = (X,7/p),f7° r V) 

is a test 

object, an algebro-geometric modular form / G Gk(To(N), ip; W) can be evaluated at this test object via 

fQQ ~f(X,i N ,u) 
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and the same holds for a p-adic modular form / G V(N; W) via 

f(Z) :=f(X,i N ,r,; id ). 

In this paper, T (N) = {( a c b d ) G G(Z)| c e AZ} and f X (JV) = {(«§) € f (A)| d - 1 € AZ}. 

Second, by universality, we get a morphism M(N) -> Sh^ /f 1 (A) and the image of DJl(N) gives a 
geometrically irreducible component of Sh^ /Ti(N). The G(A(°°))-action on Sh^ given by rf p ^ i-> rf p ^og^ 
is geometric preserving the base scheme <Spec(W). 

Let q be a prime outside Ap£. For any pair (X, T]^ p ')/s, where S is a W-scheme, taking sheaf theoretic 
coset mod To(q) induces a finite group subscheme G of A defined over S and isomorphic to Z/gZ etale 
locally. Thus, it makes sense to consider a level To(q) test object X_ — (X, G, t/ P9 ), rj° ld , ui) and we can 
construct canonically its image under q-isogeny 

[g](X,G,^,ry° rd , W ) = (X/C, 7T*r?« , ij„ n^ d , (tt*)"^) 

for the projection 7r : A ^> X/C, and f\ q — r\ q ■ G(Z 9 ) for any r\ q : 7L q = T q (X/C). This gives rise to a 
linear operator [<?] : V(iV; W) -> ^(qA; W) by = /([g](A)). For a test object (L, G, i) in the lattice 

viewpoint, this is tantamount to choosing a lattice Lq D L with Lc/L = Z/gZ and /|[g](L, G, i) = f(Lc,i)- 
Over C, from the classical point of view this is nothing but /|[<?](z) = ip(q)q k f(qz). 

Let (X(a),r/ p )(a),?7° rd (a),u;(a)) be a test object associated to Z-lattice a of conductor prime to p. If 
q = qq splits in M, then we can choose r/ q to be induced by 

X(a)[q°°] = A(a)[q°°] © X(a)[q°°] = M,/^ © M q /i? q = Q 9 /Z 9 © M9 o= 

so that we have a level ro(g)-structure G = X(a)[q] on X(a) which depends on the choice of factor q. Then 
[qKX(a)) = X( q ^a). 

In summary, when q is split in M, g-isogeny action [q] on Sh corresponds to g G G(A*- 00 -^-action by 
(concentrated-at-g) matrix (JJ) G G(Q g ) C Gr(A'°°') and we can write /|[g] = where we define 

action 

(4.2) f\g(X, V ,Lj) = f(X,r ) og,u } ). 

for 5 G G(A(°°)) and / G V{N; W). 

4.5. Differential operators. Recall the definition of Maass-Shimura differential operators on Sj indexed 
by k G Z: 

1 / S fc 



for a non-negative integer r. They preserve rationality of a value at a CM point ( |AAF] III and [Sb.75] ) when 
applied to modular forms. Let o be a proper R cp n -ideal prime to p. Note that the complex uniformization 
A(a)(C) = C/a induces a canonical invariant differential Woo(o) in ftx(a)/C by pulling back du, where u is 
the standard variable on C. Then one can define a period floe 6 C x by a; (a) = fiaj^fa) ([Ka78 Lemma 
5.1.45). Note that fioo does not depend on a since u(a) is induced by uj(R) on X(R) by construction. Then 
for / G G k (N, ij>; W) we have 

fc>co (a)) 



n 



fe+2r 



Wtt) |U (a))6W 



([Ka78] Theorem 2.4.5). 

Katz introduced a purely algebro-geometric definition of Maass-Shimura differential operator ( Ka78 
Chapter II) by interpreting it in terms of Gauss-Manin connection of the universal abelian variety with real 
multiplication over 971. In this way he extended the operator <5» to algebro-geometric and p-adic modular 
forms; we denote the latter extension of SI by d r : V(N; W) — > V(N; W). The ordinary part of level structure 
at p, ?7° rd (o) : fipoo = A(a)[p°°] induces trivialization G m = X(a) for the p-adic formal completion X(a) / w 
of X(a) along its zero-section. We obtain an invariant differential ui p (a) on A (a) , w by pushing forward ^ 
on G m , which then extends to an invariant differential on X(a)/w a ls° denoted by u p (a). Then one can 



define a period Q p € W x , independent of a, by w(a) = r2 p w p (o) (|Ka78 Lemma 5.1.47). The fact that will 
be of instrumental use for us is 

(4.3) (f/)( y (fl)) = (d r f)(x(a)^(a)) = (Slf)(x(a),co( a )) e W 

( [Ka78j Theorem 2.6.7). The effect of d m on g-expansion of a modular form is given by 

(4.4) (T^aK/^^rtK/jg". 

n>0 n>0 

f [Ka78] (2.6.27)). 

5. Hida's explicit Waldspurger formula 

We adelize Maass-Shimura m-th derivative SV?/, m > 0, to a function f m on G(A) as in Section 3.1 of 
HilObj. We regard X = |( • Jjj g ^(C) - a Lie algebra of SL2(C), as an invariant differential operator 
X goa on SL 2 (C) for the variable matrix g^ e G(R) (here identifying G(R) with SL 2 (R) x R x by the natural 
isogeny), and set 

i m {g) = (-4 7 r)-™|det( 5 )|- m X™ f(g) 

where g^ is infinite part of g e G(A). Then f m (5oo) = f)(g 0o (i))j(g 0o , i)-*- 2 ™, and when det(sf 00 ) = 1 
we have 

(5-1) f m (9) = |det( ff (°°))|^Cf(3) 

whereof : G(Q)\G(A) C is the arithmetic lift of 5™/ as above, given by 6™t{au goo ) = 6™ f( goo (i))ij(u)j(g 
for a e G(Q), it G f (AQ and ffoo e GL+(R) ( [HilObj Definition 3.3 and Lemma 3.1). Here is finite 
part of g G G(A). The central character of f m is given by ip m (x) = ip(x)\x\^ m and i m (gu) = xp m (u)i m (g) 
when u e r (iV). 

Let /o S Sk(To(N),x/j) be a normalized Hecke newform of conductor AT, nebentypus t/j and let fo € 
Sk(N, tp) be the corresponding adelic form with central character ip. Let / be a suitable normalized Hecke 
eigen-cusp form that will be explicitly made out of fo such that its arithmetic lift f is inside the automorphic 
representation 7Tf generated by the unitarization fg . 

Fix a choice of z\ € R such that B = Z + Zzi and define p : M <^-> M 2 (Q) by a regular representation 



p(a) 



After tensoring with A we get p : M X \M X ^ G(Q)\G(A). 

We fix (?! € G(A) such that <?i i00 (i) = Zi and det(<?i i00 ) = 1 while the finite places of g\ will be specified 
shortly. We recall Lemma 3.7 of [HilObj . 

Lemma 5.1. Let Xm '■ M X \M£ — > C x be a Hecke character with Xm\A* — V'm ana " Xmi^oo) — a So" 2m - 
Then a n- f m (p(a)gi)Xm{ a ) factors through I M = M x \M£ / (A(°°)) x M£ (the anticyclotomic idele class 
group). 

Let Im = M x \M£ j be the idele class group and choose a Haar measure d x a on M£ /M£ so that 
Jg x d x a — 1 as in Section 2.1 of [HilObj . Taking a fundamental domain $ C M^/M^ of Im we get a 
measure on Im still denoted by d x a. 

Set 

i X m( f ") : = / f m (p{a)gi)x m (a)d x a 



In [HilObj Hida related L Xm (f m ) 2 to the central critical L- value L(-|,7Tf ® Xm) f° r a ^ arithmetic Hecke 
characters % m with Xm\k* = '/'m 1 computing explicitly all local Euler-like factors without ambiguity. More- 
over this is done under optimal assumptions on conductor of Xm, one of them being sufficient depth at 
non-split primes dividing conductor N of 7Tf . 

We briefly explain Hida's recipe for a choice of g\ at finite places (see Section 4 of [HilObj ) adjusted to 
our need. Let A" = \\ l l u ( l > be the prime factorization and let N ns = Y[i non -spiit ' be ^s "non-split" part. 
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Let £ denote the conductor of Xm as above. In this section we assume that £ \ N and that \ m is unramificd 
outside N and £. Moreover, we assume that its conductor 

• at non-split primes l\N ns is equal to l v "\ where u(l) > v(l) is an arbitrary integer, and 

• at £ is equal to £ n , where n > 1 is an arbitrary integer. 

Thus, iV ns -part of conductor is c ns = IIi|Ar„ 3 ^ j which we write £jv„ 3 = c ns , and £g — l n . 

Let d{M) G Z (d(M) < 0) be the discriminant of M and set d (M) = |d(M)|/4 if A\d{M) while d (M) = 
\d(M)\ otherwise. We divide the set of prime factors of N(<£)do(M)N into disjoint union A U C as follows. 
It suffices for our purpose to set A = {£} when I splits in M, and leave A = otherwise. Set C = Cq U Ci 
where C\ is the set of prime factors of do(M) and Cq = C, U C sp U C r so that Ci consists of primes inert in 
M, C r = {2} if ord2(d(M)) = 2 with u(2) > 2 and C r = otherwise. Then C sp consists of primes split in 
M that are not already placed in A. Thus, there are two possibilities for a prime I: if it splits in M it is 
placed in set A, otherwise it is placed in appropriate subset of C. 

If i splits in M we choose a prime £ over £ in M; we set A = {£}, and we choose a prime [ over each 
I G C sp , denoting the set of all these choices by C sp = {{ \ I G C sp }. For all / G A U C sp we can identify 
Mjj = Mj x M| = Qi x Q/ and write n(a) — a and c o n(a) = a where i\ and coij are projections of M; to 
M[ and Mj, respectively. Note that these identifications follow reversed notation from the ones in [HilOb 
due to a reason explained in Remark 14.11 at prime p - we proceed similarly at other split primes to keep 
our notation uniform. Then for I £ A U C sp we specify g\^ and g\^i by first choosing h\ t t G G(Z/) and 
/ii,/ G G(Z() so that h~[\p{a)hi^ = (gJJ); for example /ii^ = /ii,/ = ( * J ) will do, and then setting: 



5M = 



_ /^(ft i) if ^ e A is split, 
( *o l ) if ^ is non-split. 



<7i,; = M'T?) fovleC sp . 

Unless I = 2 is inert in M, we set 

= ( o" ? ) for I G Ci U G r U . 
If exceptionally, 2 £ C and 2 is inert in M, the appropriate choice of g\^ for ^ = 2 is given in Lemma 2.5 
of [HilObj . We chose gi >00 G G(M) so that #1,00(1) = #1 and det(<?i )0O ) = 1. We set gx,i to be the identity 
matrix in G(Z;) for !^AUCU {oo} (see the proof of Proposition 2.2 in [HilOb]). 

We recall Lemma 6.2 of [BrlOa] where the above Lemma 15. II is appropriately improved under these new 
assumptions: 

Lemma 5.2. Let Xm '■ M X \M^ —> C x be a Hecke character such that its conductor £ satisfies £ Crls £ = c ns £ n 
and x m | A x = and Xm(aoo) = <4+ 2m . Then a ^ t m (p(a)gi)x m (a) factors through Cl~ := Cl] vI (c ns £ n ) = 
M* \M*/ (A(°°)) x i? c x n ^„M£ . 

Thus, if we choose a complete set of representatives a G Cl~ and corresponding a G such that 
o = aR Cns £n , we immediately conclude 

(5- 2 ) L Xm (f m ) = V °IJ™ Xm(a)f m (p(a)gi) = ^ Q ^ si ^ Xm(a)f m (p(a)gi) 

Here voI(Im) — Jj M d x a — h(M)/\R x | where h(M) is class number of M, because under chosen normaliza- 
tion of Haar measure we have J^ x , RX d x a = l/|i? x |. Additionally, 

2h(M)^ M (c ns r) 
\R x \ m (c ns £") 

can be read off from the exact sequence 

o — > ci Q ( Cns r) — > ci M (c„ s r) — > ci- — > o 

where C\M{c ns £ n ) and ClQ(c„ s £ ra ) denote ray class groups modulo c ns £ n of M and Q, respectively. 

In the Section 6 of [BrlOaj . by examining how the local components g\ : i affect the conductor of a lattice 
associated to a CM point on Sh in the sense of Deligne's treatment, we gave a detailed verification that if 

ii 



[z u l] € Sh(C) corresponds to x(R) = (X(R),t]^(R),rif(R) x ?7° rd (i?)) /w then [zi,p(a)g x ], for a as above, 

corresponds to x(a') — (X(a'), ?/ p )(a'), ^'(a') x r]° Td (a')) , w on Sh, where a' is certain proper R Cns ^ -ideal 

not necessarily representing the same class in Cl~ as a. However, as we are taking sum and free to do so 
over any choice of representatives of Cl~ , we have 

*P Idet^)^" 1 £ Xm (a- 1 )|det(p(a- 1 ))|I" i Cf(K«" 1 )5i) 
= j(9i,oo,i)- fc - 2m |det( 3 (° o) )|^ Yl x™( a_1 ) (l«^lMr(4 m /)(^(a)^oo(a))) 



aGCl 

-l!-2m|j„ f r„Hn- 

aGCl 

-fc-2mu„ + /„(oo)M- 

aeci 



j(3i,oo,i)- fc - 2m |det(^ oo) )|^ m V (x m (a- 1 )|affij (^/)(x(a),Wao(a)) 



whence by the Katz-Shimura rationality result (|4.3p we conclude 

(5-3) <5%^= E (X^>r4j K7)(*(aWa)) e W 

00 »eci- 

where 

(5-4) C :=i(fl l ,«» ) i)^ a *»|det( ff i-J)|r f^ 2 ^ 

We are now ready to invoke the main Theorem 4.1 of [Hi 10b] that relates square of L Xm (f m ) to the central 
critical value L(l/2,7r f <g) x~)- For the starting Hecke newform f G S , fe(r (A r ), ip), let / |T(7) = a(l,f )f 
for primes /. As usual, we define Satake parameters a;,/?/ £ C by the equations ai + f3i — a(l, fo) /l^ 1 ^ 2 
and otifii — ip(l) when / j AT, while we set ai = a(l, /o)/^ fc_1 ^ 2 and /3; = when /|iV. Then the primitive 
L-function is the product 

L(s,n f ® X ~) =Y[E l {s) 
1 

of Euler factors given by 

if I = (I splits in M, 



-1 



if / = [ e is non-split. 



where Xm(0 = if I divides the conductor £ of 

Now we explain how starting from /o, we choose a suitable / such that its arithmetic lift f is inside 
the automorphic representation 7Tf generated by the unitarization fp . The form / is a normalized Hecke 
eigen-cusp form in 7Tf with f\T(n) = a(n, /)/ and a(l, f) = a(l, fo) for all primes I outside lcm(iV, £, cIq(M)). 
If lcm(N, £, do(M)) = N, we set / := fo, otherwise it is possible to choose / inside 7Tf such that for primes 
l\\cm(N,£,d {M)) we have 

'a(l,fo) Xl\N, 
ail^-VI 2 iil\N. 

Note that 7Tf = 7Tf, and we write 7Tf from now. The condition (F) of the main Theorem 4.1 of [HilObj 
requires special care. Our character \ m is of the form \m '■= A - X' I " Im & > where A is a fixed choice of Hecke 
character of oo-type (k + m, — m) such that A|a>< = and x is any finite order anticyclotomic character 
of conductor £ n - so it factors through Cl~ . We give the following 

Recipe for a choice of A. We choose A = X0X0, where Xq has infinity type (k,0) and provides criticality 
condition Ao|a>< = an dxo is arbitrary fixed choice of anticyclotomic Hecke character of 00 -type (m, — m) 
and conductor c ns ■ Note that anticyclotomic Hecke characters are trivial on rational adeles, hence A inherits 



criticality condition from Xq- Concerning the choice of Xq, the criticality assumption Ao|ax = if) 1 forces the 
conductor of Xq to depend on the conductor c(ip) of nebentypus ip. Regardless of the choice of Xq we have: 

• at primes I \ c(ip) Heche character Xq is unramified and 

• at non-split primes l\c(ip) the conductor of Xqj divides l ord i( c W> hence does not exceed l u ( l > . 

However, if a split prime l\c(if}) we make a subtle choice as follows. Note that M ; x = M* x M* = Q ; x x Q x 
and conseguently Ao,; = Ag^Ao.i- Then 

• at split primes l\c(ip) we choose Xqj so that its conductor is supported at I, that is, we choose X j to 
be unramified and Aoj to have conductor l ord ^ c W\ 

Then \m has conductor € = c ns £ n Y\ l&c [ ordl( - c( -^" and aforementioned condition (F) is satisfied so by 
Theorem 4.1 of [Hi 10b] we have 

(5-5) L Xm (f m ) 2 = ^%y5r + t 1) g (V2)^(m)L(^)(^ f ® (A*)") . 

In the following, the notation [•]* means that the factor inside the brackets appears only if £ splits in M 
and consequently A — {£} is non-empty. Let N ns = ]lj lit be the "split" part of prime factorization 

N = Y\ l V®. The constant c = c x -G -v with 

Cl = [exp(- — )Y^aW)(K)- k - 2m {c ns N sp r) k+2m 

is given by 



r (i - m rue * 2 * w a + }) 2 (i - f ) n I6Cr uc Ili >(o>o(i - f ) 

(5.6) 

G = Ix-An-'Gix^W II X-jil^r 1 II ?(( fc /2) +m )(,(0-o r d !(c W)) x - j(r (0-ord l(cW ) )G(x - _) 

where = X™l Q x, x~j = XmUf ' G{ ^ m ,i> and ^mj) is Gauss sum of x~ >£ = Xml M | and x~j 
XtoIm* , respectively, and the modification Euler factors are given by 

/c ij\ T?ft /0\ TT (a Xm{ l ) a l \^ TT fi Xm( l ) a l \~ ft Xm(QA V 



(5.8) £ (rn) = 



n I6Cw «r (I) i" w/a xm(p'(0)(i 



Then (|5.3p and (|5.5[) suggest that we normalize L-value as follows 



(5.9, (AX)"), - ■ 

As we are going to study L alg (i, iff ® (Ax) - )) modulo p by utilizing (|5.3I) . we are clearly going to exclude p 
from the primes that divide fudge factors c\ and v above, and C given in (|5.4p . More concretely, let S(N,£) 
be the finite set of prime divisors of elements of 

(5.10) {N, I - 1} U {I - 1 : prime Z | N is ramified in M} U {Z - 1, 1 + 1 : prime Z | iV is inert in M} . 
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6. Zariski density of CM points on Shimura curves 

Each integral R- ideal 21 prime to c ns £ induces a unique proper R Cns e™ -ideal a n — 21 n R Cns e™ and after 
taking the inverse limit a = hm„a„ we obtain an element of Cl^. We are able to embed the group Cl alg of 
fractional ideals of R prime to c ns £ as a subgroup of Cl^ by extending this procedure to fractional ideals in 
obvious way. 

In Section T4.31 starting from a pair (X(R), rj^(R)), we associated to a certain representative of each 
proper ideal class a G Cl~ a W-point x(a) = (X (a) , rj^ (a)) on Sh^. Let a be a proper R Cns i^ -ideal. Note 
that each a. 6 R^ induces an isomorphism 

(X(o), v ip) (a)) = (X(aa),r?W (aa)) . 

Thus the isomorphism class of pair x(a) depends only on the proper ideal class of a in Cl~. We define 
p : R{ p) -> G(A(p°°)) via ar]^(R) = r]{R) o p(a). Then x = {X (R) , (Rj) e S'/i (p ) is fixed by p(a). 

Let V/f p be the irreducible component of Shr£j containing a point x(a)/f p . In other words, V/f p is the 

special fiber of geometrically connected component vjfy of Sh^ introduced in the Section B~2"1 Given any 
infinite sequence of integers n = {nj}f we set 

S = H„ := {x(a) e V(F P ) | a e Ker(7r % ., ni ), j = 1,2,...}. 

Elliptic curves sitting over points in 5 are non- isomorphic by a result of Dcuring ( |Deu] ) which assures that 
the isomorphism class of an elliptic curve over ¥ p is determined by the action of relative Frobenius map on 
its £-adic Tate module. Thus, the set S is infinite and we record the following obvious 

Fact 6.1. Since dimV/f = 1, the set S is Zariski dense in V(¥ p ). 

For a finite subset C Cl^ we set 

~£ :={(x(S(a))) 5 ^GV^\x(a)&E} 

where V s = Y\ SeS V and 5(a) is a proper ideal class representative of the product of i^oo,nj{5) and a in 
Cl~.. We recall Proposition 2.8 of |Hi04| since it is of instrumental use for us. 

Theorem 6.2. If =2 is finite and injects into C1 M /Cl als , the subset "Er^ is Zariski dense in . 

A detailed proof is given in |Hi04j and we just give a brief sketch noting that its key ingredient is an 
instance of Chai's Hecke orbit principle (see |Ch] Section 8) stated below. Let £t — {5\, . . . , Sh}- The 
torus T — R? acts diagonally on V h via Y[P- Let Z\ be Zariski closure of S- 2 in V h . The group 
T\ = {a e T\a = 1 (mod£ ni )} leaves Z\ stable, as it just permutes by p(a)(x(a)) = x(aa). If Zq denotes 
the irreducible component of Z\ containing (x(R Cns £«i ),•■■■, %(Rc n3 £ n i), then the stabilizer To of Zq is of 
finite index in T\ and its p-adic closure is open in T. Thus the following theorem applies. 

Theorem. ([HilOa Corollary 3.19) Let Zq be an irreducible subvariety ofV m ,m > 1, containing a fixed 
point of T . If there exists a subgroup Tq C T whose p-adic closure is open in R p /Z* that stabilizes Zq, then 
Zq is a Shimura subvariety of V m . 

As Zq is nontrivial Shimura subvariety of V h (i.e. not of the form V h ~ 1 x {x} for a fixed CM point x), this 
leaves two possibilities: either Zq — V h or, after a permutation of factors of V h , Zq is a Shimura subvariety 
of V h ~ 2 x Ap t pt, where for some j3,/3' € R^ p ) we define a diagonal by 

*p,p> = {{x o p(fi),x o p{[3'))\x e V} = {(x, x o pir 1 ?'))^ e V} c V 2 . 

However, the second possibility imposes 5h-i/8h — P^ 1 ^' € M x , whence <5/j_iCl alg = <5/ l Cl alg and Theorem 
O follows. 

Let Cs denote the space of functions on S with values in P 1 (F p ) = ¥ p U {oo}. The class group CL^, acts 
on Ch by left translation. By virtue of Zariski density of S in V we can embed the function field of V into 
Cs- Then Theorem 16.21 has the following 
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Corollary 6.3. ( Hi04 Corollary 2.9) Let Jzf be a line bundle over V/§ . Then for a finite set J2 C Cl^ 

that injects into Cl^ /Cl als and a set {fg € \ 6 € J2} of non-constant global sections f$ of jSf finite at S, 
the functions f$ o 8, 8 G =2, are linearly independent in C~. 

7. NON- VANISHING OF L- VALUES MODULO p 

In this section we prove Theorem 11.11 following closely Section 3.4 of [Hi04J, particularly the proof of 
Theorem 3.2 there. That being said, we avoid constructing anticyclotomic measure, in order not to impose 
condition a(£, f) ^ 0. Before proceeding to the proof, we need a technical lemma. To this end, for a G 
GL^(R) and a classical modular form / G SkiTo{N), ■0), we define 

f\\ k a = d C t(a) k / 2 f(a(z))j(a,z)- k 

Note that the operator \\k depends on the weight of the form, but since the weight will always be clear from 
the context we shall write it as ||. We use non-standard notation to distinguish it from the isogeny action 
defined in (|4.2p . In the following lemma, we investigate the effect of the isogeny action defined in Section 
14.41 on (/-expansions of Katz p-adic derivatives of modular forms. As in (|4.2[) of Section 14^41 for / G V(N; W) 
and a prime r, we consider action 

f\[r]=f\( 1 o° r ) 

where (J°) G G(Q r ) C G(A(°°)) is concentrated at r. If r = ri • . . . • r n is a square-free product of primes, 
we define 

f\[r}= f\[r ,}{... \[r n }. 

In this section we use q to denote the variable in q-expansion of a modular form in order to avoid abuse of 
notation in the proof of the main theorem. Then we have the following 

Lemma 7.1. For f £ Sk(Fo(N), tp) and a square-free integer r = r\ ■ . . . ■ r n prime to N, we have 

(d m /)|[r]=^(r)r fe / 2+ro d m (/||(i°)- 1 ) . 
In particular, the q-expansion of (d m f)\[r] is given by 

tP(r)r k+2m n rn a{n, /)q nr . 

n>0 

Proof. Let x = (X, T)^ p ', n ord ) denote a general test object that gives rise to a point in the ordinary locus of 
Sh, and let u> p (x) be the invariant differential induced by T] ord as in Section |4~51 

We first prove the assertion when r is a prime. If we set a = ( J °) G G(Q) C G(A) then the crux of the 
proof is the following identity that holds for all m > 0: 

(7.1) ^/((^^oo(x))oa r ) = ^(r)r fe / 2 +" l C(/ll«i 1 )(^,u;oc^)) . 

To verify it, recall that if x G Sh corresponds to [z,g(°°)] in Sh(C), for some z G X and g^°°^ G G(A(°°)), 
then by definition 

S^f(x, Uoo (x)) = 5Zf([z,g^}) = S^i(g)j( goo ,i) k + 2m 
where g^ G G(R) is such that <7oo(i) = z and g — g^^goo- Note that we need to check identity over 
Sh/T\(N) only, so without loss of generality we may assume that = 1. 

SFffawnix)) o a r ) = S?f([z, 1] o or) 
= S%f([z,a r ]) 

= <5rfK.9oo)j(3oo,i) fc+2m 

= (aia^r'^goo) j(9o ! ^ +2m 



/OO J 



1 



= i,{a^)- l 8%f (a- 1 ^) j( 9oo , i) k+2m 

= ^r)SZf(a^ goo (i))j(a^ goo , \)- k ' 2m j{ goo ,i) k+2m 

= i>(r)SZf(a^(z))j(a^\z)- k - 2m 

= V(r)r fe / 2 +-(C/)ll«- 1 (^) 
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= V,(r)r^+™ W ||a-i)([2,l]) 

as desired. Here we used a general fact (5™ f)\\a^ = ^(/ll^" 1 ) and an obvious fact that for this particular 
a we have (a( ro °)) € f (iV). 

By the Katz-Shimura rationality result (|4.3I) we have 

d m f((x,ujp(x)) o a r ) _ S^ l f((x,uj 00 (x))oa r ) 

lip lioo 

= ./.(^ r k/2+m S ™(f\\ a n)( x >U°o(x)) 
rV )' fe+2m 

- 1 i :(r ) r k/2+ m d m (f\\a^ 1 )(x,u }p (x)) 

~ rl' r Q fe + 2m 

which yields 

(F/ifaUrix)) o a r ) = ^(r)r fc / 2+m <f™(/||0 for all m > . 
The assertion about the q-expansion of (<i m /)|H now easily follows from f|4.4|) . 

To prove the lemma for an arbitrary square- free integer r, by induction it suffices to verify it when r = nr-z 
is a product of two primes. Indeed, 

d m f\[r)=d m f\{r 1 ]\[r 2 ]=iP(r 1 )r k 1 /2+m d m (/||(& IN 

= ^(r 1 )r 1 fc / 2+m V(r 2 )r 2 fc/2+ro rf- (/|| (&° J ° 

= iP(r)r k/2+m d m (f\\(} ) °y 1 ) 

and the claimed effect on the q-expansion easily follows. □ 

Now we are ready to prove Theorem ll.il 

Proof. Classical modular forms are defined over a number field and we may assume that / is defined over a 
localization V of the integer ring in a number field E. We take a finite extension of W generated by V and 
the values of arithmetic Hecke character A and, abusing the symbol, we keep denoting it W. We write *}3 for 
the prime ideal of W corresponding to t p . The considered values d m f(a) are algebraic and ^-integral over 
V by results of Shimura and Katz f |Sh75| and |Ka78j ). 

We fix a decomposition Cl^ = A x T where T is a torsion free subgroup topologically isomorphic to 7L( 
and A is a finite group. Denote by F p [/, A] the finite subfield of F p generated by values of A mod *}2 and all 
f|A|-th roots of unity over V/*}3n V. Similarly, if \ '■ Cl~ — > F* is a character, denote by ¥ p [f, X](x) the 
finite extension of F p [/, A] generated by values of x- 

As A is finite group, it suffices to fix a branch character v : A — > F* and, aiming for contradiction, 
suppose that 

i alg (^f®(Ax J )~)^0(mod^) 

for infinitely many characters Xj '■ C^. F p such that Xj|a = v i where {nj}°° =1 is an infinite sequence 
of integers. Suppose that prime p > 2 is outside finite set S(N,£) given by (|5.10[) . Then by plugging 
Xm '■= A • Xj " I " Im a m l|5.3p and (|5.5j) . we have 

J2 \x ] (a- 1 )d m f(x(a))=0m¥ p . 
aeci„. 

Moreover, for each a £ Gal(F p /F p [/, A]) we have 

(7.2) (^r(a- 1 )d m f(x(a))=Q. 

aec\„ 



Indeed, by Shimura's reciprocity law f |ACM] 26.8 and [PAF] 2.1.4), we have 

Hd m f(x(a))) = d m f(x(p- 1 a)) 
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for the Frobenius map = x p for x £ ¥ p . Thus, if a = $ n for a positive integer n, we have 

* n ( E ^(a-^fixia))] =(X Xj r(p n ) E (Ax.O^a- 1 )^ 1 /^)). 
Consider the trace map from the field F p [/, \]{xj) to F p [/, A] given by 

Tr F p [/,A]( Xj )/F P [j\A](£) = E 

<T6Gal(F p [/,A](xj)/F p [/,A]) 

for £ g F p [/, A](xj) and note that if F p [/, A] x n = ^ we have 



W-Xj(x) if Xj (x)£W p [f,\] 
otherwise. 



Tr F P [/,A](x 3 )/F P [/,A](Xj(a;)) 

If (•) : Cl~ — > r denotes the natural projection, from (|7.2j) we conclude 

(7.3) E A X3 (a- 1 KV(^(a)) = 0. 

c.GCl- j .:<c.)Gx7 1 (w=) 

Note that here (a) £ Xj 1 (/ i ^ s ) if an d only if (a) € 1^ 3 /r^ J . Moreover, if Tj denotes the image of T 
in Cl~ , as the summands are independent of the choice of a proper ideal class representative in Cl~. , we 
conclude from (|7.3j) that for every y £ Tj we have 

(7.4) \ X] (a~ 1 )d m f(x(a)) = 0. 

aeCl- j :<a)Gax7 1 (^=) 

The group A alg = A n Cl alg is generated by prime ideals of M non-split over Q and we can choose a 
complete representative set for A alg consisting of product of prime ideals of M outside N, p and I. In |Hi04j . 
the author chose this set as {r' _1 | r' £ where ffl 1 was made of square-free products of rational primes 
outside N and I that are ramified in M and r' is a unique ideal in M such that r' 2 = r' . Thus, {Y \ r' £ 
was a complete representative set for 2-torsion elements in CIm, the class group of M. We alter this choice 
by noting that the set of split primes in M prime to any given rational integer has positive density in the 
set of prime ideals of M by the Cebotarev density theorem. In other words, in the ray class group of M 
of an arbitrary conductor, each class contains infinitely many split prime ideals prime to any given rational 
integer. Thus, we choose a complete representative set for A alg as {r _1 | r £ by finding a split prime 
ideal r representing a class of r' as above. Thus, our 0fc is made of square-free products of rational primes r 
outside Nip that are split in M and r is a choice of ideal in M such that r = rr. 

We also choose a complete set of representatives J? for Cl^ Q /rA alg consisting of prime ideals q of M that 
are split over Q and prime to p and I. Then Cl^ = |_L r [q _1 t _1 ]r and we can rewrite (|7.4[) as 

E E "fa) E X,(a- 1 (q»A(a- 1 rq)d™/( 2; (q- 1 r- 1 a)) = 

If we set 

(7.5) drr = J2^>W(d m f)\[r\. 
then the above identity becomes 

(7.6) 5>(q) E X,(a- 1 )A- 1 d m r( a ;(q- 1 (q)- 1 a))=0. 

Fix q £ B. From (|4.1|) we know that {a;(o)|a £ yxj 1 ^^)} is given by {x(a ) o ( * ~^)\u £ Z/i s Z} where 
a o £ VXj i s an Y fixed member. In particular, we can identify yxj {^f) with Z/^ S Z via o n- u mod I s . 

Note that, after tacitly assuming that rij > 2s (which could be achieved by passing to a suitable subsequence 
if necessary), this is tantamount to identifying multiplicative group T e 3 /T l 3 with additive one Z/£ S Z 
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by 1 + £ rlj s u h-> u. If we choose a primitive ^ s -th root of unity £ = exp(27r£/£ s ) and o y € yXj (M-£ a )> we 
can write Xj((o ) = = (~ UVj for some t>j G (Z/£ S Z) X , independent of y e T^, that initially 

depends on Xj. However, we may assume that Vj's are constant v by resorting to a suitable subsequence of 
{Xj}jLi- Then, using the description of the operators [r] and [q] in Section fQI the inner sum of (|7.6p is 
equal to 

E CA-^^DIMKJf )(x((q)- 1 a y )) . 

u mod £ s 

Note here that (J f") G G(Q f ) C G(A(°°)) concentrated at and (J°) G G(Q g ) C G(A(°°)) concentrated 
at q, commute. Setting 5q := £ uinod/ . ( uv (d m r)\[q}\( J f ), (EE> becomes 

5>(q)A _1 ffq Hq)- 1 a))=0. 

qe.2 

Note that (q), q € i2, are all distinct in CI" /Cl alg by our choice, so the set 3 = S n for n = {nj}f (defined 
in Section [6]) is Zariski dense in by Theorem 16.21 Then Corollary 16.31 furnishes g q = 0. 
Note that for a classical modular form /i of arbitrary level and weight k one has identity 



which can be verified by literally the same argument as in proof of Lemma l7.ll - the appropriate incarnation 
of identity (|7.1I) has no scalar factors due to the fact that matrix here is unipotent. Then fixing qo £ i? and 
using Lemma 17.11 we have 

9,0= E rwoifaJKSf ) 



a mo 



d e* 



= E C w E^W^IM IMI(Jf) 

timod£ a \rG^ / 

= J2H*M*Mrqo)(rqo) k/2+m d m ( E C° f\\ (h r° go )~\ J "f ) 

r£S \«mod<" / 



Thus, the q-expansion of g qo is given by 

3qo(q) = E H*M^(rqo)(rq Q ) k+m d m |E ( E C^"^ ) o(n, f)<F* 

r^St. \n>0 \umod£ s / 

and the Fourier coefficient o(n, <7 qo ) is given by 

/ \ i £ s Y,resf, A(r)^(r)V(rq )(rg ) fc+m n™ a (^, /) if n = v (mod f), 

a \ n i 9qa) ^ 1 „ 

I otherwise. 

where we accept usual convention that a(n, /) = when n is not an integer. 

Thus, if we fix a prime r$ G in order to contradict g q = it suffices to find a prime Z outside Np£ and 
^ such that / = w(7'oqo) _1 (mod£ s ) but a(l, /) ^ (modp). Indeed, then Zrogo = v (mod and 

o(ir gb,fl, ) = e s \v(v W(roqo)(roqo) k+2m l m a(l,f) # (modp) . 

Let P be & prime ideal of £ above p. To do the outlined, recall that the celebrated constructions of 
Shimura (k = 2), Deligne (fc > 2) and Deligne and Serre (k = 1) attach to / a Galois representation 

p : Gal(Q/Q) -> GL 2 (£p) 

such that for all primes Z f iVp, p is unramified at I and for a Frobenius element Fr; one has 

Trp(Fr<) = a(l, f) and detp(F ; ) = ^(i)**" 1 . 

Let yO be the reduction of p modulo P. Note that the fields K = Q Kcr ^ and Q(ne s ) are linearly disjoint. 
Indeed, £ \ Np is unramified in the former while totally ramified in the latter. Then one can choose 

a G Gal(i<r(/^«)/Q) = Gal(if/Q) x Gal 
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such that 

a\ K = idif and <r| Q(ws) = v{r^y x G (Z/FZ) X = Gal(Q( W «)/Q) . 

Then the Cebotarev density theorem furnishes prime number I such that Fr;^^,,) = er, and we clearly have 
a(l : f) = Trp(Fr/) = Tr(id A -) = 2^0 (mod p) and / ee u(r 9 ) _1 (mod^ s ) as desired. □ 

Note that we used condition £ \ N only to conclude that K = Q Kor ^ and Q(pgs) are linearly disjoint. 
(That being said, if we allow possibility of i \ N, notation in Section [5] would have to be slightly adapted 

- in place of c ns one would use its outside-of--^ part c^i, however the argument remains valid.) Thus, the 
Theorem II. II is valid under the following assumption milder than £ \ N: 

Assumption 7.2. K = Q Kor ^ and Q(pg^) are linearly disjoint. 

In particular, if £\N but the modulo V reduction p happens to be unramified at £, this assumption is 
clearly satisfied. Assume for simplicity £\\N. If component TTfj = n(pi,p2) is a principal series, where p\ 
and H2 are characters of with values in E x , one of the these characters is unramified and the other 
has conductor £. Write pi and p-2 for the characters of decomposition group Dg = Gal(Qg/Qg) — > E£ 
corresponding to pi and p2, respectively, by local class field theory. By the well known result of Carayol, we 
know that the semisimplification p\o, is isomorphic to p,\ © Supposing that the ramified one among p\ 
and pi has unramified reduction modulo V in order to obey Assumption 17.21 would bring p \ £ — 1 placing p 
inside prohibited set S(N,£) and we do not get desired result. 

We hope to treat this question in a future paper and here we limit ourselves with the following 

Proposition 7.3. Suppose that £\\N and that TTf,i is a special representation. Then Theorem \1.1\ holds. 

Proof. Let -Kf^g = sp(a| • | x / 2 , ck | ■ | -1 ^ 2 ) for an unramified character a : — > E x . It is a well known result 
of Langlands ( |La73j ) that p\n e is isomorphic to 

where a denotes the character of Dg = G&\(Qg/Qg) — > EZ, corresponding to a by local class field theory and 
Xp y is p-th cyclotomic character. Let Q| b denote maximal abelian extension of and ^) ;00 set of all roots of 
unity in Qg of order not divisible by £. Then for Artin local reciprocity map ( • , Qf/Qt) : Qg -> Gal(Q£ b /Qi) 
and x — l n u (n E Z, u £ Z^ ), we have 

(,,QfM) = { Fl ! on ^^ 

onQi(pi^). 

Going back to proof of Theorem 11.11 it suffices to choose a 6 K(pgs) by first lifting (v~ 1 roqo, Qg h /Qg) £ 
Gal(Q| b /Qf ) to Dg = Gal(Qg/Qg) and then projecting to K(pgs). Again, by virtue of the Cebotarev density 
theorem we get prime number I such that Fr^^^s) = c, and since both d and Xp Y are unramified at £, we 
conclude a(l, f) = Trp(Fr;) = Tr(cr) = 2 ee; (mod p) and I = vfroqo)" 1 (mod^ s ) as desired. □ 
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